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ON THE RATIONAL HOMOTOPY TYPE
OF FUNCTION SPACES

EDGAR H. BROWN, JR. AND ROBERT H. SZCZARBA

ABSTRACT. The main result of this paper is the construction of a minimal
model for the function space F(X,Y) of continuous functions from a finite
type, finite dimensional space X to a finite type, nilpotent space Y in terms
of minimal models for X and Y. For the component containing the constant
map, 7« (F(X,Y)) ® Q = m«(Y) ® H™*(X; Q) in positive dimensions. When
X is formal, there is a simple formula for the differential of the minimal model
in terms of the differential of the minimal model for Y and the coproduct of
H.(X;Q). We also give a version of the main result for the space of cross
sections of a fibration.

1. INTRODUCTION

In this paper we construct a minimal model in the sense of Sullivan [S] for
F(X,Y), the space of continuous functions from a space X to a nilpotent space Y,
in terms of models for X and Y. We also generalize this to the space of sections of
a bundle. We first present some of the required background material and state the
main results of the paper.

Let Y be a connected, nilpotent CW complex (or simplicial set). A Q localization
of Y consists of a space (or simplicial set) Y and a mapping f : ¥ — Y such that
7j(Yq) is a uniquely divisible group for all j > 0 and f, : H;(Y;Q) — H;(Yo; Q)
is an isomorphism for j > 0. (See [Hi].)

Let p : E — X be a nilpotent fibration with connected fibre. Recall that a
@ localization of p consists of a fibration p : E — X and a fibre preserving map
f : E — E covering the identity map on X and defining a Q localization on the
fibres.

For any graded vector space V', we denote by Q[V] the free commutative (in the
graded sense) differential graded algebra generated by V. If v1,...,v, is a basis
for V, we write Qv1, ... ,v,] for Q[V]. A commutative differential graded algebra
is said to be free, nilpotent, and of finite type (FNF) if, as an algebra, A ~ Q[V],
where V' = {V9}, the dimension of V¢ is finite and V has a basis vy, vs,... such
that dv, 41 € Q[v1, ... ,v,] for all n. We say that A is minimal if A is FNF, dv is
decomposable for all v € V', and V¢ = 0 for ¢ < 0.

All algebras considered in this paper will be commutative in the graded sense,
will have a unit 1, and all algebra mappings between algebras will preserve the
unit. We will consider @ as a subalgebra of any algebra A under the identification
r—r-1
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In [S], Sullivan associates to each CW complex X a “rational de Rham complex”
(Q(X),d) whose homology is isomorphic to the singular cohomology of X with
coefficients in ). He also associates to each nilpotent finite type CW complex Y
a minimal algebra A and a homology isomorphism a : A — Q(Y). The algebra A
determines the rational homotopy type of Y, is unique up to isomorphism, and

m(X) = Hom(mn(X) © Q, Q),

is isomorphic to the space of indecomposables in A™. (For a nilpotent group G,
we define G ® @ to be the direct sum > (T';/T;4+1), where {I';} is the lower central
series of G.) Thus, A = Q[V] with V ~ 7*(Y). The minimal algebra A is called
the minimal model of X.

Before proceeding with the statements of our results, we describe an algebraic
construction which will be useful in what follows. Let A = Q[V] be an FNF algebra,
B a DG algebra such that B? is finite dimensional for all ¢ and B? = 0 for ¢ < 0.
Let B, be the graded coalgebra with

By = Hom(B™%,Q).

The differential on B, is the adjoint of the differential d on B, and the coproduct
D : B, — B, ® B, is the adjoint of multiplication. Let Q[A ® B.] be the free DG
algebra generated by the graded vector space A ® B, with differential d induced
by the tensor product differential on A ® B, and let I be the ideal in Q[A ® B,]
generated by 1 ® 1 — 1 and by all elements of the form

(1.1) aay ® B — Y (1)1l () ® B)) (a2 @ B)),
ai1,as € A, B € B, and

DB=Y B8

Then dI C I (see Theorem 3.3) so that the differential d on Q[A ® B,] defines a
differential d on Q[A ® B,]/I.

Let Q[V ® B.] be the subalgebra of Q[A® B,] defined by the inclusion V C A =
Q[V] and let p be the composite

p:QV®B, CQRA® B, — QA® B,]/I.

Theorem 1.2. The mapping p : Q[V ® B.] — Q[A ® B.]/I is an isomorphism of
graded algebras.

This is proved in Section 3 as part of Theorem 3.5. (See also the remarks
following Corollary 3.4.)

Let d; be the differential on Q[V ® B.] given by d; = p~'dp. By definition,
di(v ® ) can be computed by considering v ®  as an element of Q[A ® B.],
computing d(v ® () in Q[A ® B.],

d(v® f) = (dv) ® B+ (—1)'”‘1} ® dg,

and then using the relations (1.1) to express (dv) ® 3 as an element of Q[V ® B.].
For example, if dv = vivz,v1,v2 € V, then

(dv) ® B = (v1v2) @ B
_Z \vzllfj | Ul®ﬂ )(w@g;/)’
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where DB = >~ 8 ® 3. In particular, we see that the differential d; depends on
the differentials in A and B, and the coalgebra structure in B, (or equivalently,
the algebra structure in B).

For any algebra E,A(E) will denote the rational simplicial form of E. (See
Section 2 below or [S].) The following is a version of a result due to Haefliger, see
[H] and [V1].

Theorem 1.3. Let X andY be CW complexes with Y nilpotent and of finite type.
Let A and B be DG algebras as above with a : A — Q(Y) a minimal model
for YA = Q[V], and B : B — Q(X) a homology isomorphism. Then the space
|A(Q[A ® Bi]/I,d)| and hence |A(Q[V ® B.],d1)| is homotopy equivalent to the
function space F(X,Yq).

The proof is given in Sections 2 and 3. The construction (Q[A ® B.]/I,d)
is the Lannes construction (A : B) (see [L]) in the category of differential graded
commutative algebras. (See the remarks following Corollary 3.4.) The (A : B)
functor was used in [BPS] to prove a version of Theorem 1.3 with a more complex
description of d; .

The following is a stronger version of Theorem 1.3 which is proved in Section 5.

Theorem 1.4. Let X,Y, A, and B be as in Theorem 1.3. Then there is a differen-
tial da on Q[V ® H.(By)] such that |A(Q[V ® H«(Bx)],d2)| is homotopy equivalent
to F(X,Yq).

We note that the @ localization of a component of F(X,Y’) occurs as a compo-
nent of F(X,Yy) ([Hi], Theorem 3.11).
We next state an analogue of Theorem 1.4 for the components of F(X,Yp).

Theorem 1.5. Let Y be a nilpotent space of finite type and let X be a space of
finite type with H1(X;Q) = 0 for ¢ > some N. For f : X =Y, let F(X,Y, f)
be the component of the function space F(X,Y) containing f. Then F(X,Y, f) is
nilpotent and of finite type, and has a minimal model (Q[W],d), where

Wi = (Z ™) ® Hn—q(X;Q)> /K

for subspaces K1, q > 0. If f is the constant map, then K9 = 0.
Corollary 1.6. The homotopy group mq(F(X,Y, f)) ® Q,q > 0, is isomorphic to

n

<Z(W"(Y) ®Q) ®Hn—q(X;Q)> /Kq-

If f is the constant map, K, = 0.

This result was proved by Vigué-Poirrier in [V2] when HP(X;Q) =0, p > k, and
Y is (k4 1) connected. In Section 7 we show by an example that the homotopy
groups 7, (F(X,Y, f)) ® Q can vary with f. Another example was given by G.W.
Whitehead in the appendix of [W].

The results stated above have analogues for the space of sections in a nilpotent
fibre space. For example, we have the following.

Theorem 1.7. Let p : E — X be a nilpotent finite type fibration with fibre Y
and Hy(X;Q) = 0 for ¢ > some N. Let f : X — E be a section and denote by
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T(p, f) the component of the space of sections T'(p) containing f. Then T'(p, f) has
a minimal model A ~ Q[W] where W,q > 0, is isomorphic to a quotient of

> wMY) @ Hooo(X;Q).

Corollary 1.8. The homotopy group m4(I'(p, f)) ® Q is isomorphic to a quotient
of

D (m(Y) @ Q) ® Hyo(X;Q).

The proofs of the results for the space of sections are straightforward extensions
of those for function spaces. An outline is given in Section 4. In particular, a model
for E — X takes the form B[V] = B ® Q[V], which replaces A in the above, and
the ideal I is modified by adding the relations b® 3 — (—1)*(*Dg(b),b € B, § € B..

The computation of the differential in Q[V ® H.(B,)] is in general quite compli-
cated. Examples are given in Section 7 to illustrate this. However, if X is formal
[S] (that is, when the minimal model for (H*(X,@),d = 0) is a minimal model for
X)), the computation is much simpler, as we describe below..

Suppose that X and Y are as in Theorem 1.5 and that X is formal with
Hy(X;Q) = 0 for ¢ > some N. Let B = H*(X;Q) be the rational cohomol-
ogy ring of X as a DG algebra with zero differential. Thus B, = H,.(X; Q) is the
rational homology coalgebra of X. Let D, be the coproduct in H.(X,Q),

D, H(X;Q) — H.(X;:Q) ® Hu(X; Q).
Applying the algebraic construction described above, we obtain a DG algebra

(QlV ® H.(X;Q)],d1), where V ~ 7*(Y) and d; = p~'dp with p the mapping
of Theorem 1.2. At the end of Section 5 we prove

Theorem 1.9. Let X andY be CW complexes with Y nilpotent and of finite type,
X formal, and Hy(X;Q) =0 for ¢ > some N. Then the space

AQ[m"(Y) ® Ho(X;Q)], dy)

is homotopy equivalent to F(X,Yq). Furthermore, given f : X — Y, there
is an ideal K (see Section 6) depending on f, closed under dy, and such that
QV ® H.(X;Q)]/K is FNF on positive dimensional generators and F(X,Y, f)qg
is homotopy equivalent to |A(Q[V ® H.(X;Q)]/K,dz)|.

For example, if ¢ € H.(X;Q) and v, v1,v2 € V with dv = vyvs, then
di(v®c)= Z(_l)\v2|'|c]‘\(vl ® C;)(Ul ® C;/)a
where D,c = ) c; ® c. Note that, in this case, d; depends on the differential in
A and the coproduct in H.(X; Q).

The proof of Theorem 1.9 is given at the end of Section 5. The special case of
Theorem 1.9 when X = S* was proved by Sullivan in [VS].

Remark 1.10. All of the above can be reformulated in terms of simplicial sets in-
stead of CW complexes. Then all the theorems remain true with only minor mod-
ifications. In fact, step one in our proofs is to convert to simplicial sets.

Remark 1.11. In [BZ], we showed how to formulate real homotopy theory for sim-
plicial spaces in a way which is analogous to rational homotopy theory for simplicial
sets. All of the above can be converted to real homotopy theory and the theorems
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remain true if, for example, one starts with X = A(B) and Y = A(A) where A
and B are minimal algebras over the reals instead of the rationals.

Throughout this paper, the set of morphisms between objects S and T in a
specified category will be denoted by (S, T'), possibly with subscripts. For example,
if S and T are objects in the category of differential graded algebras, then (S,T)
will denote the set of DG algebra mappings and (S,T)pg the set of mappings
preserving the grading and commuting with the differentials, but not necessarily
preserving multiplication.

The paper is organized as follows. The proofs of the main results for function
spaces are given in Sections 2, 3, and 5. In Section 4, we outline the changes
necessary to extend our results on function spaces to the space of sections in a
nilpotent fibration. Section 6 deals with components and Section 7 contains two
examples. The first example shows that not all components of a function space
have the same Q-homotopy type. The second example shows that the formality
condition in Theorem 1.9 is necessary.

2. AN ALGEBRAIC MODEL FOR F(X,Y)q

For topological spaces U and W, let F(U, W) be the space of all continuous
functions from U to W in the compact open topology. The goal of this section is to
reduce the problem of determining the rational homotopy type of F(U,V) to the
determination of the homotopy type of the rational simplicial form A(Q[V ® B.]) of
the differential graded algebra Q[V ® B.] described in Section 1. Before proceeding,
we recall some of the notions from rational homotopy theory that will be needed in
what follows.

Let AS denote the category of simplicial sets. (See [M] for a detailed account of
homotopy theory in AS.) Recall that, for X, Y € AS, the function space F(X,Y) €
AS is defined by

F(X,Y)q = (X x Afg], ),
where A[q] is the simplicial set analogue of A? with
A[q]p:{(io,il,... ,ip)logio Sil S Sipgq}

and (X x Alq],Y) is the set of simplicial mappings from X x Alg] to Y. The face
and degeneracy operations in F(X,Y") are defined in terms of the face inclusions
Alg — 1] — Alg] and degeneracy projections Alg + 1] — Afg]. (See [M], p. 16,
for details.) For any X € AS and y € Xy let X, denote the simplicial subset of
X consisting of all simplices whose vertices are all at y. When X is Kan, X, is
homotopy equivalent to the component of X containing y. For u € F(X,Y)y =
(X,Y), let F(X,Y,u) =F(X,Y),.

Let A be the category of differential graded commutative algebras, and let Q28 =
OP(AY) be the vector space of rational differential p-forms w on A%:

w = Zai1~~~ipdt7:1 e dtip,

where the iy .4, are polynomials in %o, . .., t, with rational coefficients. Then (¥ =
{Q,q > 0} is a simplicial set, Q; = {Qh,p > 0} is a DG algebra, and Q =
{QF,p,q > 0} is a simplicial differential graded algebra. Define functors

A:A— AS, Q:AS— A
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by A(A) = (4,9Q) and Q(X) = (X, ). Then A(A) is the rational simplicial form
of A and Q(X) the algebra of rational differential forms on X [BG].
For A, B € A, let F(A, B) € AS be the function space defined by
F(A,B)y = (4,9, ® B),

the space of all DG algebra mappings from A to Q,® B. The simplicial structure on
F(A, B) is defined using the simplicial structure of Q. For w € F(A, B)y = (4, B),
let F(A, B,w) = F(A, B)(w).

We note that, in what follows, the function spaces F(X,Y) and F (A4, B) will be
Kan [BZ], so that F(X,Y,u) and F(A, B,w) are actually homotopy equivalent to
the corresponding path components.

Our first result relates the function spaces for topological spaces and simplicial
sets. Let A(U) denote the singular complex of the space U and let | X| denote the
geometric realization of the simplicial set X.

Theorem 2.1. For X,Y € AS, the simplicial set F(X,Y) has the same homotopy
type as AF(|X],[Y]).

Proof. For f € F(X,Y),, f: X x Alqg] =Y, define mappings
a B
F(X,Y) 5 AF(X|,[Y]) = FX,AlY]) = AF(X], [(A[Y])])

in AS as follows:
a(f) =1f]: |X x Alg]| = | X[ x A? — [V,

where |A[q]| is identified with A?.

For g € AF(|X|,|Y])g, 9 : |1X]| x A? — |Y|, B(g) is the composite

Blg) : X x Alg] = AIX x Alg]] = A(IX| x A7) =% Ay,

where 0 : X x Alq] — A|X x Alqg]] is the canonical inclusion.

For h € F(X,AlY|)q,h : X x Alq] — AJY|,

v(h) = |h] : |X| x AT — |(A[Y])].
It is now easily checked that the composite Sa is induced by the canonical

homotopy equivalence Y — A|Y| and that the composite v is induced by the
canonical homotopy equivalence Y| — |[(A]|Y])]. It follows that

ay o (F(X,Y)) — mg (AF (X, [Y]))

is injective for all g. To see that «, is surjective, consider y € m,(AF(|X],|Y]))
and let © = (Ba); !B« (y). Then

(V8)s (@) = (7 B) v (B)* Ba(y)
= 'Y*ﬁ* (y)7

so that au(x) = y since (v0)4 is an isomorphism. It follows that « is a homotopy
equivalence.
We note that if X = AU,Y = AW for topological spaces U, W, then

F(U W)~ F(|AU|, |AW])

||

As a consequence of Theorem 2.1, we can and will work in the category of
simplicial sets for the remainder of the paper.
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Let X,Y € AS, Y connected, Kan, nilpotent of finite type and Hy(X; Q) finitely
generated and zero for ¢ > some N. Suppose u € F(X,Y)pand h: Y =Yg isa @
localization.

Theorem 2.2. The mapping h. : F(X,Y,u) — F(X,Yq, hu) is a Q localization.
Proof. See [Hi], Theorem 3.11.

Let A, Be€e A a: A— QY a minimal model for Y and #: B — QX a homology
isomorphism. Assume further that B? is finite dimensional for all g. Then

heY L AQY 2% AA

is a @ localization, where j : Y — AQY is the canonical mapping and A« : AQY —
AAisinduced by « [BZ]. Thus, h. : F(X,Y,u) — F(X,AA, hu) is a Q localization.
Now, according to Theorem 2.20 of [BZ], there is a homotopy equivalence

v: F(X,AA) — F(AQX).
Furthermore, according to this same theorem, the mapping
B : F(A,QX) — F(A, B)
is also a homotopy equivalence since (3 is a homology equivalence. Thus we have

Theorem 2.3. Let & = B,y(hu). Then F(X,Y,u) — F(A, B,a), is a Q localiza-
tion.

3. AN ALGEBRAIC REDUCTION

We now proceed to analyze F(A, B) as described in Section 2. Let B, be the
differential, graded coalgebra with coproduct D and grading

By, = Hom(B™4,Q),
g > 0, with differential the dual of the differential d on B. (We will also use d to
denote the differential on A and on B, since no confusion seems likely.) Let {b;}
be a basis for B and {3;} the dual basis for B.. For b € B, let |b| denote the degree

of b and for any integer n, let a(n) = [(n + 1)/2], the greatest integer in (n+1)/2.
Define

U:(A® B, Q)pc — (A,Q2® B)pa
in AS by
V(w)(a) =Y (1) " Pw(a® 6) © b
Note that the sum is finite since w(a ® 3;) = 0 whenever degree (a ® ;) < 0, since
Q) is nonnegatively graded and B? is finite dimensional.

Theorem 3.1. The mapping V is a simplicial isomorphism.

Proof. Before proving this result, we define two useful mappings. Let
€:Q — B, ® B, n:B® B, — Q

be the mappings defined by

e(1) = Z(—l)a(‘bil)ﬁi ® by,

%

n(b® ) = (—1)*"D ().



4938 EDGAR H. BROWN, JR. AND ROBERT H. SZCZARBA

Note that, strictly speaking, (1) is not an element of B ® B, since the sum may
be infinite. However, when e occurs in what follows, only a finite number of terms
will be involved.

Lemma 3.2. The mappings € and 1 above preserve grading and commute with
differentials.

Here we consider @) as the differential graded algebra with @) in degree zero and
0 in degrees different from zero.

Proof. The first assertion is obvious. The second will be proved if we can show that
doe =mnod=0. We begin by showing that doe = 0.
Let a] € @ be defined by

db; =Y " alb;,
J
so that
g =Y a’p;.
J
Then
de(1) = 3 (=1 D (@8, © b, + (~1)"'18; © dby)

= Z(—l)a(lbi‘)a;‘ﬂj ®b; + Z(—l)a(lbi‘)-i_'bi'agﬂi ® bj-
,J

,J
Interchanging the roles of 4 and j in the first sum and using the fact that aj» =0
unless |b;| = |b;| + 1, we have
dE(l) _ Z ((_1)0&(“71“4‘1) + (_1)a(\bi|)+\bi|) azﬁz ® bj.
]
The fact that this expression vanishes is a consequence of the easily verified identity

[(n+2)/2]=1+[(n+1)/2]+n mod 2.

The equation n(d(b ® §)) = 0 is proved in the same way. We leave the details to
the reader.
For u € (A,Q ® B)pg, let ©(u) be the composite

A9 B, " 00 Be B, 2 00 Q~0.
Note that ¥(w) is the composite
A—A2Q M A9 B, @B “Y 09 B,
and that © can be written more explicitly as
O(u)(a® ;) = (~1)*1PDw;,

where u(a) =) w; ® b;
J
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Now, if u and w preserve grading and differentials, then each of the mappings in
the definition of ©(u) and ¥(w) also preserves grading and differentials. Thus we
have simplicial mappings

O: (A,Q@B)GD — (A@B*,Q)GD,
V:(A® B, Qep — (A,Q®@ B)ep
which satisfy

¥ (O(u))(a) = Z(—l)a(‘b”)@(u)(a ® Bi) ® b;
= Zwi ® b; = u(a)

and

O(¥(w))(a® fi) =wla® Bi),
since ¥(w)(a) = Y, wi @b = >, (—=1)*ilw(a ® ;) ® b;. Thus each of the com-
posites ¥ o © and © o ¥ is the identity, and Theorem 3.1 is proved.

Consider now Q[A ® B.], the free commutative DG algebra on the differential
graded vector space A ® B,. Each w € (A ® B,,Q)pc extends to a unique DG
algebra mapping w : Q[A ® B.] — Q. Thus we can identify (A ® B,,Q)pe with
(Q[A ® B,],Q), the DG algebra mappings, and consider ¥ as a simplicial isomor-
phism

U (QA® B.],Q) — (4,2 ® B)pa.

Let 0: A® A® B, — Q[A ® B,] be given by
o(a1 ®az ® B) = araz ® f — Z(—l)m"lﬁ;l(al ® fj)(az ® 7).
J

where D = Eﬁ; ® 6;’.

Theorem 3.3. For w € (Q[A ® B.],0), the mapping ¥(w) € (4,2 ® B)pg is a
DG algebra mapping if and only if w(1 ® 1*) =1 and w(o(a1 ® az ® B;)) = 0 for
all ay,as € A and all B € B.. Furthermore, if I C Q[A® B.] is the ideal generated
byl®1* —1 and (a1 ® aa ® D), a1,a2 € A,b € By, then dl C I.

Corollary 3.4. The mapping ¥ defines a simiplicial isomorphism

U: (QA® B.]/I,Q) — (A,Q® B).
Remark. Tt follows that (Q[A® B.]/I,d) is a realization of the Lannes functor A : B
in the category A. One can view the Lannes machinery as providing a homological

algebra type approach to the preceding algebra. In particular, Theorem 1.2 can be
proved in the Lannes context using Theorem 2.1 [BPS].

Proof of Theorem 3.3. We first note that an element z € Q ® B is zero if and only
if (ido ®@ n)(z ® Br) = 0 for all k.
Using the fact that

a(n+m) = a(n) + a(m) + nm mod 2
for all non-negative integers n and m, a straightforward computation shows that
(ido @ n)((¥(w)(araz) = (¥(w)(a1))(¥(w)(az))) @ Bk) = wlo(ar @ az @ Bk)),
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which proves the first part of Theorem 3.3. To prove that dI C I, consider the
mappings
w:ARQA— A,
D: B. — By ® B,
i Q[A® B, ®Q[A® B.] — Q[A® B.],
T:AQRA®B,®B, - A®Q B, ® AR® B,,

where p is the multiplication in A, D the comultiplication in B, f is the multipli-
cation in Q[A ® B,], and

T(a ® a// ®6®ﬂ/) = (—1)|a,|'|ﬂ‘a®ﬁ®a/ ®6/

Then 0 = u ® idp~ — ar(idaga ® D) and, since each of the mappings on the right
commutes with the corresponding differential, so does o, and the theorem is proved.
Let A = Q[V], where V7 is finite dimensional for all ¢, and let p be the composite

p:Q[V® B, CQA® B, — QA® B,]/I.

Theorem 3.5. The mapping p : Q[V ® B.] — Q[A ® B.]/I is an isomorphism of
graded algebras.

Let d; be the differential on Q[V ® B.] defined by d; = p~'dp, where d is the
differential on Q[A ® B.]/I induced by the tensor product differential on A ® B,.
We then have

Corollary 3.6. Let A = Q[V],B € A,a: A — QY a minimal model for Y, and
B : B — QX a homology isomorphism. Assume further that B? is finite dimen-
sional for all q. Then the simplicial set A(Q[V ® B.],d1) is homotopy equivalent
to F(X,Yq).

The proof of Theorem 3.5 proceeds by constructing an inverse for p. We begin
with some preliminaries.

Given vy,...,v, € V and By € B, define T'(v1,. .., v, Be) in Q[V ® B,] induc-
tively by

T(Ul,...,’l}k,ﬁg)zvl ®ﬁg ifk=1,
— ngjAij(vl, -1, Bi) (g ® B) if k> 1,
]

where
D(Be) =Y X0 @ Bj,
gfj = (_1)|5i|(lﬁjl+\vk|).
Lemma 3.7. For any vy,...,vx € V, 3¢ € By, 1 <m < k, we have
T(’U]_, S 7Uk7ﬁ€) = ZEZL]C)\%T(UM cee 7’Um_1,67;)T(’Um, ey Uk, 5])7
‘7j
where

EZ.”“ = (_1)‘ﬁi|(lﬁj|+‘vmH‘""H'UkD.
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Proof. We proceed by induction on k. The case k = 2 follows immediately from the
definition of T'. Suppose the result is true for k — 1 and let 1 <m < k. If m =k,
the result again follows from the definition of T', so we can assume 1 < m < k.
Then, by definition, T'(vy, ..., v, B¢) is given by

Z‘Ezy 7] Ulv"ka—laﬁi)(vk@ﬁj)

by induction. Now )\fj N, = )\3] M, since multiplication in B is associative. Making

this substitution and rearranging terms, we can express 1'(v1, ..., Um, 0¢) as
Zs PEINLT (01, V1, Be) D AT (Vs vk, B5) (0 © B;).
8.

Except for a factor ¥ ;» the second sum on the right is T'(vy, . . ., vk, 3;) by definition.
Inserting this factor twice, we have

T(vi,. ..,k Be) Zak gmk- 16’;])\£ZT(U1, ey U1, B6)T Wy -+, UK, Bi)-

Using the fact that X!; = 0 unless |3s] + |8;] = |8;| and X, = 0 unless |5,] + [8i] =
|Be|, we see that |B;| = |B;] mod 2 and |3s| = [B-] + 3] mod 2. An easy
computation now shows that

kmklk k

'L]E Esg = Eri»
which gives the required result
Lemma 3.8. For any vy,...,vp € V,Br € By, 1 <m < k, we have
T(Ula vy Uk, ﬂf) = (_1)|vm‘.‘vm+1|T(Ula vy Um—1,Um+1,Um, - - -, Uk, ﬂf)

Proof. For k = 2 we have
T'(v1,v2, ) = 26” i (01 ® Bi)(v2 ® Bj)

- Zg (B D +183 DHB M (0, @ ) (01 ® )

_Za \v1||v2\/\l (02 ® B;)(v1 @ B;)
= (=)l 1121 (vy, vy, By).

If K > 2 and m < k — 1, the result follows by induction. If K > 2 and m =k — 1,
one can use Lemma 3.7 to reduce the result to the case k = 2. We leave the details
to the reader.

Now to the proof of Theorem 3.5. To begin with, a straightforward induction
shows that p is surjective. Indeed, any element v;...vr ® B¢ can be expressed
mod I as a sum of products of terms of the form v; ... v, ® §;, m < k. To prove p
injective, we define

0:Q[A® B.] = Q[V ® B.]
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by o(vy ... v ®Be) = (—=1)*UBDT(vy, ... vg, Be). Then o is well defined by Lemma
3.8, o(I) = 0 by Lemma 3.7, and op = identity by inspection. Thus p is bijective
and the theorem is proved.

4. AN ALGEBRAIC MODEL FOR TI'(p)

In this section, we outline the modifications required to prove the analogues
of the results of the previous two sections for the space of sections of a nilpotent
fibration. We begin with an analogue of Theorem 1.2.

Suppose p : E — X is a fibration in AS and let I'(p) be the simplicial form of
the space of sections of p, that is,

L(p)g ={f:Alg] x X — E:pf = pa},

where ps is the projection of Alg] x X onto X. We say that p: E — X in AS is
nilpotent and of finite type if there is a sequence E,, — F,_; of principal fibration
with 7 = X and with group and fibre K (G, my,) satisfying

(i) G, is a finitely generated abelian group, m, < my41, and m, — oo as
n — 00.
(ii) There is an isomorphism F — limFE,, such that the diagram

K |
X . x=-Fg

is commutative.

Let B be a graded algebra and V' a graded vector space. We denote by B[V] the
graded algebra B ® Q[V]. A straightforward generalization of Theorem 2.6 of [BZ]
yields the following:

Theorem 4.1. Letp: E — X be a nilpotent fibration as above, let B € A, and let
f: B — Q(X) be a homology isomorphism. For each n =1,2,..., let V(n) be the
graded vector space with

V(n)m, = Hom(Gp; Q),
V(n); =0, J # ma.

Set V=75 V(j) and V[n] = > V(j). Then there is a differential d on A = B[V]
i=1 i=1
and a homology isomorphism h : A — Q(E) such that d(V(n)) C B[V[n — 1]], dv

is decomposable for v € V' and the diagram

B L o)

l l

A — )

s commutative.

We next define an analogue of the space of sections in the category A. Let
A = B[V] be as in Theorem 4.1 and i : B — A the inclusion. Then I'(7) is the
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simplicial set defined by
I'i)={uveF(A,B):u)=1®b for b € B}.
Recall that F(A, B) € AS is the function space defined by
F(A,B)g = (A,9Q;® B),.
The proof of Theorem 2.20 in [BZ] then carries over to produce

Theorem 4.2. Ifi: B — A is as above, then the components of I'(i) include the
Q- localizations of the components of T'(p).

We now identify I'(¢) with a simplicial subset of A(Q(A ® B.)/I) = F(A, B).
Recall that in Section 3 we defined an isomorphism ¥ : (A® B., ;) — (4,Q,® B)
given by

V(w)(a) = (-1)*PDwae ) @ b

We need to determine which w satisfy ¥(w)(b) =1 ® b, that is,

V(w)(by) = (-1 Dw(b; @ 5) @b = 10,

or, equivalently,
w(b; ® B;) — (=1)*W*aD B, (b;) = 0

for all ¢ and j. Let J C Q[A ® B.] be the ideal generated by I and all elements of
the form b @ 8 — (—=1)*UPD3(b),b € B, 8 € B..

Theorem 4.3. The mapping ¥ induces an isomorphism
A(Q[A® B.]/J) = T'(i).
We alter the proof of Theorem 3.5 slightly to prove
Theorem 4.4. The inclusion V. C B(V) = A induces an isomorphism
QIV ® B.] ~ Q[A® B.]/J.

Proof. Note that A ® B, is spanned by elements of the form bvjvy - v, ® 3, b €
B,vy,...,u €V, (@€ B,.
Define

T(ba V1,02, .. '7/Uk76£) = Zﬁij(’Ulv’UQv v 7/Uk76j)7
where T'(vi,v2, ..., Uk, 3;) is as in the proof of Theorem 3.5 and
5= GG (—1)7,

where € = a(|8;]) + (3 |ve])|Bi|. The proof of Theorem 4.4 then proceeds exactly
as in Theorem 3.5.
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5. A REDUCTION OF Q[V ® B,] TO Q[V ® H.(B.)]

Suppose A = Q[V] and B are as in Corolary 3.6. Let {v;} be a basis for V such
that |v;| > 0, |v;| < |vig1] and dv;41 € Q[V;], where V; is the subspace spanned by
v1,... ,0;. Note that dv; is decomposable and |v;| — oo as i — co. Let {a;,b;, ¢}
be a basis for B, with d*a; = b; and d*c; = 0.

Lemma 5.1. The algebra Q[V @ B.] has a free set of generators w;j,u;; and v;;
satisfying

(i) wij =v; @ ¢; + 45, where x;; € Q[Vi—1 ® B,

(11) Ui = V; & aj and Vij = duij,
(iii) dwij S Q[{wkg k< Z}],
(iv) if d(v; ® ¢j) is decomposable, so is dw;;.

Let W be the subspace of Q[V ® B,] spanned by {w;;} and U the subspace
of Q[V ® B,| spanned by {u;j,v;;}. Thus W is isomorphic to V ® H,(B,) and
Q[V ® B.] is isomorphic to QW] ® Q[U].

Lemma 5.2. The algebra Q[W] is a deformation retract (in the category A) of
QlV ® B.].

(See [BG], Section 4 for a discussion of homotopy theory in the category A.)
Before proving these lemmas, we state the following consequence.

Theorem 5.3. There is a differential on Q[V @ H.(B,)](~ Qlw;;]) making it an
FNF (as in section 1) algebra such that
Q[V ® B.| = Q[V © H.(B.)] ® Q[{uij, vi; }]

as DGA algebras (where du;; = v;;). Furthermore Q[V ® H.,(B,)|, with this differ-
ential, is a deformation retract of Q[V ® B,] in the category A. Thus, A(Q[V @ By])
has the homotopy type of A(Q[V & H.(By)]).

Proof of Lemma 5.1. We use induction on 4. Let wi; = v1 ® ¢j,u1; = v1 ® a; and
v1j = duy;. Then dw;; = 0, since dv; = 0 and conditions (i),...,(iv) are satisfied.
Suppose wy ¢ have been defined for k < ¢ and satisfy (i),...,(iv). Using induction
and the fact that

Ve = d(vi @ ag)
= v, ® by + (dvg) ® ag
=3, ®by mod Q[Vi—1 ® B,],
we have wie = v ® ¢, Uk = Uk @ ag and v = v ® by, modulo Q[Viz—1 ® B.].

Since vi, ® g, vk @ ag and v Q@ by, k < 4, freely generate Q[V;—1 ® B,], it follows that
W0, Uk,e and vge, k < 4, freely generate Q[Vi—1 ® B.]. Hence, we have

Q[Vi—1 ® B] = Qwge : k <] @ Qluke, vie = k < 1]
as DG algebras. Since
d(vi ® ¢;) = (dvi) ® ¢; € Q[Vi-1 ® B
is a cycle,
d(v; ® ¢;) = x + du,

where € Qw;x : j < i] and v € Q[Vi—1 ® B]. Let w;; = v; ® ¢; — u. Then
dw;; = x, as specified by 5.1 (iii).
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Suppose d(v; ® ¢;) is decomposable and dw;; = x as above. Then

T = E OkeWr,

k<i
u = E QpUke + E Brevie + E Vit Whe,
k<i k<i k<i

mod decomposables. Since dvgy = 0, d(Brevre) will not contribute to du and hence
we may assume gy = 0. Furthermore, the d(ygewie) terms could be shifted to the
decomposable part x in the formula

d(v; ® ¢;) =z + du,

so that we can assume g, = 0. Hence

d(vi ® ¢;) = > Srewre + Y eV,

mod decomposables. Therefore 6y = axe = 0 and dw;; = x is decomposable.

Proof of Lemma 5.2. Define the DG algebra mapping
QW] % QW) & Qlu] - QW]

in the obvious way, and define a deformation retract
H: QW@ QU] — Q1 e QW] @ Q[U]
by
H(wij) = wyj,
H{(u;) = ui(1—t),
H(’Uij) = ’Uij(l - t) + (—1)‘Uij‘uijdt.
A straightforward computation shows that H has the required properties.

We now prove Theorem 1.9. Since B is formal, we can find a DG algebra mapping
h: B — H,(B) extending the projection Z.(B) — H.(B). Then

h*: H.(B)* = H.(B.) — B.

is a coalgebra map. Let «; be a basis for H.(B,). In choosing a basis a;, b;, ¢; as
above, we may set ¢; = h*(q;). If Di(c;) = Y elfay®@aj, then D(c;) = Y eMep®cy.
Thus d(v; ® ¢;) will only involve terms consisting of products of v; ® ¢, and hence,
in the notation of the proof of Lemma 5.1, we may choose wjr = vj; ® cx. Then
computing d(v; ® ¢;) using D will give the same result as computing d(v; ® ;)
using D.,.

6. COMPONENTS OF A(Q[W])

We now give an algebraic description of the components of A(Q[W1]), where W
is defined in the previous section.

Suppose E = (Q[W],d),W C Q[V ® B,], is as in Section 5 and let {z;} be a
basis for W satisfying |z;| < |z;41] and dz; € Q[W;_1], where W; is the subspace
of W spanned by the z; with j < i. Now, E is a deformation retract of Q[V & B,]
(by Lemma 5.2), AQ[V ® B,] is homotopy equivalent to F(X,Yy) (by Corollary
3.6), and F(X,Yq) is Kan when Yg is Kan (see Theorem 6.9 of [M]), which we
are assuming. Thus A(FE) is Kan, and it follows that the component of A(FE)
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containing u € A(FE)p is homotopy equivalent to A(F),,, the simplicial subset of
A(E) consisting of those w all of whose vertices are at u:
AE)y ={w e AE) |07 0'w =u, alli,q=|wl|}.
Let K, be the ideal in E generated by the set
{w:|w| <0} U{dw : |Jw| =0} U{w — u(w) : lw| = 0}.

Theorem 6.1. The ideal K, is closed under differentation and the quotient map
E — E/K,, induces a homotopy equivalence

A(E/Ky) = A(E)u.

Furthermore, E/K., is FNF, and is isomorphic to Q[W], where W1 = 0 for q <
LW Cc W, and W9 = W9 for g > 1. Finally, if u =0 and dw s decomposable
for all w € W, then E/K, is minimal and W' = W1,

Proof. Note first of all that if w € A(E) vanishes on K,, then, for w € W%, we
have

w(w) =ww — u(w) + u(w)) = u(w),
since u(w) € Q. Thus, u is the only 0-simplex in A(E/K,), so that A(E/K,) C
A(E),.
To prove that dK, C K,, it is enough to prove that dw € Ku for w in each of
the three sets of generators defining K,,. If w € E~!, then

dw = dw — u(dw) =0 — u(w) € Ky,

since u(dw) = du(w) = 0. We next prove E/K, = Q[W]. Let K = K, and let
L, C A be the ideal generated by the set

{zn :m <nand |z,| <0} U{z, —u(r,): m <n and |z,| = 0}.
Then, if |z,| = 0,
dx, = Z AnmTm mod Ly,

|z |=1
m<n

an,m € . Hence, we can change bases among the z,’s of dimension zero into one
of the form

Tn = CpTn + § bnmxmv

m<n
|2m |=1

where ¢, bym € Q, ¢y # 0, such that if |Z,| = 0,dZ,, = T, or 0 mod L,. Note
that Z,, € W' is in K if and only if Z,,, = dZ,,. Hence

E/K = Qxn : |xn| > 1] Q@ Q[T : |Tm]| = 1, Tm # dTy].

Furthermore, the differential of a generator in E/K only involoves previous gener-
ators, so that F/K is FNF.

We next prove E — E/K induces a homotopy equivalence of A(E/K) into
A(E),. Let E, = Q[W,]. It is sufficient to prove that E, — E,/K induces
a homotopy equivalence, since A(F) — A(FE,) is a fibration with fibre whose
connectivity increases with n. We proceed by induction on n. The case n = 0 is
immediate. Suppose it is true for n — 1. Let u, = u|A(E,) and let K, be the
ideal K for E,. If |z,| < —1, then A(E/K,) = A(Ep-1/Kn-1) and A(E,)y, =
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A(E,—1)y,_, by definition. If |z,| = —1, then A(E,,/K,) = A(E,—1/K,—1) by
definition. If w € A(E,_1)y, , and |w| = ¢, then dw(dz,) = 0 and dfw(dx,) =
u(dz,) = 0, so that w(dz,) = 0. We then have

A(En-1)u,_, ={w € A(En-1)u,_, 1 w(dzn) =0}
=A(E,)u, -
Suppose |z,| > 0. We then have fibrations p; and ps in the following commuta-
tive diagram with AQ[z,] the fibre of both:
A(En_l/Kn_l[{En]) E— {w € A(En) w | E, € A(En_l)un}
Pll le
A(En-1/Kp—1) —— A(En—1)u,_,

For |z,,| > 0 this gives a homotopy equivalence A(E,, /K,) — A(Ey)y,, - If |z, =0,
then p; and py are covering projections. Let v € A((Ep—1/Kn—1)[zn])o be defined
by v(z,) = u(x,). Then v maps to u, above and, passing to components, we have
a homotopy equivalence

A(En—l/Kn—l[xn])v — A(En)u,-
Thus it is sufficient to show that
A(En/Kn) - A(En—l/Kn—l[:En])v

is a homotopy equivalence. If dz,, € K,,—1, the two sides are equal, since dw(x,,) = 0
and Ofw = u,, implies w(z,) = u(xy). Suppose dz,, ¢ K,_1. Then, as in the proof
of freeness above, we may assume dx, = Ty, m < n. Let © =z, and y = z,,,. If
j <i,then dz; = a; +yB; in E,_1/K,—1 and «;,3; € E;_;. Let

Tj=x;—xf;,  j=L1j#Fm.
One can solve for the z;’s in terms of Z;’s, and hence dz; € Q[Z; : i < j]. Thus

En—l/Kn—l[xn] = Q[i.j] ® Q[x7y]7

as DG algebras. Hence Q[Z;] is a deformation retract of E,_1/K,—_1[zy] as in
Lemma 5.1. The image of Z; under the map

Q[:f]] - n—l/Kn—l[xn] - En/Kn

is ¢; — u(xo)B;. Since F; is a polynomial in xx, k < 7, this map is an isomorphism.
Hence

A(En/Kpn) = A(En_1/Kn_1[zn])o — AQ[Z;])

are homotopy equivalences.

Corollary 6.2. If E = (Q[W],d) is as in Theorem 6.1 and u € A(E)o, there are

W and cz such that W is isomorphic to a quotient of W, E = (Q[W],d) is minimal
and A(E) is homotopy equivalent to A(E),.

Proof. In [BG], Propositions 7.11 shows that such an E exists which is homotopy

equivalent to F as in Lemma 5.2.
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7. TwWo EXAMPLES

In this section we present two examples. In the first, we determine the set
of components and describe a minimal model for each component. It follows from
this description that not all components have the same homotopy type. The second
example shows that the formality condition is necessary in Theorem 1.9.

Let A = Q[V], where V has a basis {z,y, v} with

|z =2, de =0,
|y| =4 ) dy =0,
lv] =5, dv=uxzy.
Let B, = Q|a, 8] be the Hopf algebra with «, 8 primitive and with |a] = =2, |8] =
-3, and da = dfB = 0. Let W =V ® B, and let Q[W] be the DG algebra with
differential induced by the differential in Q[A® B,] as in Corollary 3.6. Then Q[W]
in dimension ¢ = —1,0, 1, 2 has a basis as follows (we write za for x ® a and z for
x®1):
degree —1: z83,yaf,va?,
degree 0 : za, yo?,vap,
degree 1: yf,va?,
degree 2 : x,ya, v0.

Ignoring terms involving negative dimensional generators, the non-zero differentials
of the basis above are given by

d(va®) = 3(za)(ya?),

d(vaf) = (za)(yp),

d(va?) = 2(za)(ya) + z(ya®),
d(vf) = =(yp).

For example,
d(vapf) = d(v® aff) = zy @ afs
=@@elyeab) +(zeaf)lyel)+(zea)(yep)+ (z0 0y aq,
using equation (1.1), since
D(af3) = D(a)D(B)
=1l@a+ax)(1f+4x1).

However, the first, second, and fourth terms involve negative dimensional generators
so that

d(vaf) = (z© a)(y @ B)
= (za)(yp).

The other cases are similar.

We now compute the set of components of A(Q[W]). Note first of all that the
set A(Q[W])o of 0-simplices can be identified with the set of mappings u: W° — Q
satisfying u(dw) = 0 for any w € W~L. Thus, u is determined by a, b, ¢ € Q, where

u(za) = a, u(ya®) =b, u(vaf) = c.
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The condition u(dw) = 0 implies that ab = 0, so that
AQW1)o ~ {(a,b,c) € Q% : ab = 0}.

Let ugq p, denote the element of A(Q[W])o corresponding to (a, b, c).
In the same way, it can be shown that the set A(Q[W])1 of 1-simplices of
A(Q[W]) consists of all pairs (u, s), where

u: WO — QI s: W — Q[t, dt]
satisfy u(dw) = 0 for w € W~ and s(dz) = du(z) for = € WY, Suppose that
u(za) = a(t),
u(ya®) = b(t),
u(vaf) = c(t),
s(yB) = f(t)dt,
s(va?) = g(t)dt.

Then,
0 = u(d(za)) = du(za) = o/ (t)dt,

so a(t) = a is a constant. Similarly, b(¢) = b is a constant, ab = 0, and ¢'(t) = af(¢).
Thus A(Q[W])1 can be identified with the set of 5-tuples (a, b, c(t), f(t), g(t)), where
a,be Q,c(t), f(t),g(t) € Q[t]. Note that, with this identification, dy(u, s) is the zero
simplex corresponding to (a, b, ¢(0)) and 9y (u, s) is the zero simplex corresponding
to (a, b, c(1)).

Suppose that (u,s) is as above and ¢ = 0. Then ¢/(t) = 0 and ¢(t) = ¢ is
constant. It follows that 9y(u,s) = 01(u, s), so that the component of A(Q[W])
containing the zero simplex ug . contains no other O-simplices. Thus, each ug ..
determines a distinct component.

Next, suppose that a # 0 and b = 0 and that u4,0,0,Ua,0,c € A(Q[W])o. Let
(u,s) € A(Q[W])1 correspond to (a, 0, c(t), (t)/a,0), where ¢(0) = 0 and ¢(1) = c.
Then 0y (u, s) = wa,0,0 and 01(u, s) = wa,0,c, S0 that each 0-simplex w, o, lies in
the same component as wq,0,0-

It follows from the discussion above that mo(A(Q[W])), the set of components
of A(Q[W)), is given by

mo(AQIW)) ~ Q% U{Q — (0)}.

Let u = ug,0,0,w = u1,00 € AQ[W])o. A straightforward computation shows
that the ideal K, (defined in Section 6) is generated by all z € Q[W] with |z| < 0
together with the elements za,ya?,va3. Similarly, the ideal K, is generated by
all z € Q[W] with |z] < 0 together with za — 1, ya?, vaB,yB. Set A, = Q[W]/K,
and A, = Q[W]/K,. According to Theorem 6.1, the component of A(Q[W])
containing w is homotopy equivalent to A(A,) and the component of A(Q[W])
containing w is homotopy equivalent to A(A,). Now, Al has basis y3,va? with
d(yB) = d(va?) = 0 and A} has basis va? with d(va?) = 2ya. It follows that

HY (AQW])u) ~ Q%
HY(A@QW))w) ~0,
so that the components A(Q[W]), and A(Q[W]),, have different homotopy types.
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We note that A, is a minimal model for A(Q[W1]),. Applying Theorem 6.1, we
see that the subalgebra of A,, generated by z,v3,v—z(va)+ ()% (va?) is a minimal
model for A(Q[W1])y.

We next calculate differentials in a nonformal example. This yields a result
different from what is obtained using the coproduct in H,.(B,) as in the formal
case.

Let A = Q[V], where V has a basis {v1,vs, v3,v4} with
lvi| =3, dvy =0,
lva| =2, dvy =0,
lvs| =4, dvs = viva,
lva] =6, dvgy = v1v3.
Let B = Q[z,y, z,u, w], where U has a basis {,y, z, u, w} with
lz| =y| =|2| =2, de =dy =dz =0,
lu] = |w| =3, du ==zy, dv=yz,
and consider the sets
v ={x,y,2,2% 9% 2% 22,0 = uz — 2w},
a = {u,v, zu, yu, rw, yw, 2w},
B ={zy,yz}.
Then aUBU~ is a basis for B'@- - -® B® and we let o* UB* U~* be the dual basis for
(B*®---® B®)*. The basis a* U 3* U~* is of the kind required in Section 5. More
explicitly, the elements of v* correspond to the ¢;, the elements of a* correspond
to the a;, and the elements of 3* correspond to the b;.

We now construct the elements w;; € Q[V ®B,] satisfying (i) and (iii) of Theorem
5.1. Let wiy; =v; ®¢j, 1,5 =1,...,4,¢; € v* except for ¢; = 0*,7 = 3,4. Then (i)
and (iii) of Theorem 5.1 are satisfied for the w;; and we need only define

w; =v3®0"  mod Q[Ve ® B.J,
wy =vys®0*  mod Q[Vz ® B.],
with dw; and dws satisfying (iii). A straightforward computation shows that
Do*=1c"+0c*"@14+u" Q2"+ 2" ®u",
so that
dv3 ® 0*) =12 R 0"
= (1 ®0")(v2 ®1%) + (11 ® 1) (v2 ® o)
+ (11 ®2%)(v2 @ u") + (v1 @ u*)(ve ® 27).

The first two terms in this expression are of the required form but the last two are
not. To eliminate the last two terms, we note that

d((v2 ® 2%)(v2 ® (zy)") + (01 ® (zy)")(v2 ® 27))
=—(v1 ®2")(v2 ®@u*) — (v1 @ u*)(v2 ® 2%).
Defining wy by
w1 =v3® 0" + (v1 ® 27)(v2 @ 2y*) + (v1 @ 2y*)(ve ® 27),

we see that dw; has the required form.
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In the same way, we define wo by
Wy =v4 Q0" + (v1 ® 2%)(v3 @ xy™) + (v1 @ xy™)(vs ® 2¥).
Then
dwy = (11 ® 0")(v3 @ 17) + (v1 ® 1) (w)
— (1 ®@2") (01 @z7)(v2 @ y")
— (01 ®2")(v1 @ y)(v2 ® 2¥),

which has the required form.
On the other hand, if & is the element of H,(B,) determined by ¢*, then

Dé=5®1+1®7,
where D is the coproduct in H,(B,). We then have
dva®6) =306 = (11 ®F)(v3® 1)+ (v1 ®1)(v3 ®F).
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